Abstract In the present paper we study some I -convergent sequence spaces defined by a sequence of modulus functions over n-normed spaces. We also examine some topological properties and prove some inclusion relations between these spaces.
Introduction and preliminaries
The concept of 2-normed spaces was initially developed by Ga¨hler [1] in the mid of 1960s, while that of n-normed spaces one can see in Misiak [2] . Since then, many others have studied this concept and obtained various results, see Gunawan [3, 4] , Gunawan and Mashadi [5] , Mursaleen and Mohiuddine [26] , Mohiuddine et al. [27] and Mohiuddine and Aiyup [28] . Let n 2 N and X be a linear space over the field K, where K is field of real or complex numbers of dimension d, where d P n P 2. A real valued function iAE, . . ., AEi on X n satisfying the following four conditions:
(1) ix 1 , x 2 , . . ., x n i = 0 if and only if x 1 , x 2 , . . . , x n are linearly dependent in X; (2) ix 1 , x 2 , . . ., x n i is invariant under permutation; (3) iax 1 , x 2 , . . . , x n i = OEaOEix 1 , x 2 , . . . , x n i for any a 2 K, and (4) ix + x 0 ,x 2 , . . . , x n i 6 ix,x 2 , . . . , x n i + ix 0 , x 2 , . . . , x n i is called a n-norm on X and the pair (X, iAE, . . . , AEi) is called a n-normed space over the field K.
For example, we may take X ¼ R n being equipped with the Euclidean n-norm ix 1 , x 2 , . . . , x n i E = the volume of the ndimensional parallelepiped spanned by the vectors x 1 , x 2 , . . . , x n which may be given explicitly by the formula kx 1 ; x 2 ; . . . ; x n k E ¼ j detðx ij Þj; where x i ¼ ðx i1 ; x i2 ; . . . ; x in Þ 2 R n for each i = 1,2, . . . , n. Let (X, iAE, . . . , AEi) be an n-normed space of dimension d P n P 2 and {a 1 ,a 2 , . . . , a n } be linearly independent set in X. Then the following function iAE, . . . , AEi 1 on X nÀ1 defined by kx 1 ;x 2 ;...;x nÀ1 k 1 ¼ maxfkx 1 ;x 2 ;...;x nÀ1 ;a i k : i ¼ 1;2;...;ng defines an (n À 1)-norm on X with respect to {a 1 , a 2 , . . . , a n }. The standard n-norm on X, a real inner product space of dimension d P n is as follows:
where AEAE, AEae denotes the inner product on X. If X = R n , then this n-norm is exactly the same as the Euclidean n-norm ix 1 , x 2 , . . . , x n i E mentioned earlier. For n = 1, this n-norm is the usual norm kxk ¼ hx 1 ;
A sequence (x k ) in a n-normed space (X, iAE, . . ., AEi) is said to converge to some L 2 X if
A sequence (x k ) in a n-normed space (X, iAE, . . . , AEi) is said to be Cauchy if
If every Cauchy sequence in X converges to some L 2 X, then X is said to be complete with respect to the n-norm. Any complete n-normed space is said to be n-Banach space.
The notion of ideal convergence was introduced first by Kostyrko et al. [6] as a generalization of statistical convergence which was further studied in topological spaces by Das et al. [7] . More applications of ideals can be seen in [7, 8, 24, 25] .
Let (X, iAEi) be a normed space. Recall that a sequence ðx n Þ n2N of elements of X is called statistically convergent to x 2 X if the set AðÞ ¼ fn 2 N : kx n À xk P g has natural density zero for each e > 0.
A family I & 2 Y of subsets of a non empty set Y is said to be an ideal in Y if
while an admissible ideal I of Y further satisfies fxg 2 I for each x 2 Y see [9] . Given I & 2 N be a non trivial ideal in N. A sequence ðx n Þ n2N in X is said to be I-convergent to x 2 X, if for each e > 0 the set AðÞ ¼ fn 2 N : kx n À xk P g belongs to I see [6] .
A sequence of positive integers h = (k r ) is called lacunary if k 0 = 0,0 < k r < k r+1 and h r = k r À k rÀ1 fi 1 as r fi 1. The intervals determined by h will be denoted by I r = (k rÀ1 , k r ) and
. The space of lacunary strongly convergent sequences N h was defined by Freedman et al. [10] as:
Strongly almost convergent sequence was introduced and studied by Maddox [11] and Freedman et al. [10] . Parashar and Choudhary [12] have introduced and examined some properties of four sequence spaces defined by using an Orlicz function M, which generalized the well-known Orlicz sequence spaces
It may be noted here that the space of strongly summable sequences were discussed by Maddox [13] . Mursaleen and Noman [14] introduced the notion of k-convergent and k-bounded sequences as follows:
k¼1 be a strictly increasing sequence of positive real numbers tending to infinity i.e.
The sequence
It is well known [14] that if lim m x m = a in the ordinary sense of convergence, then
This implies that
(1) f(x) = 0 if and only if x = 0, (2) f(x + y) 6 f(x) + f(y) for all x P 0,y P 0, (3) f is increasing (4) f is continuous from right at 0.It follows from (i) and (iv) that f must be continuous everywhere on [0, 1). For a sequence of modulus function F = (f k ), we give the following conditions:
We remark that in case f = (f k ) for all k, where f is a modulus, the conditions (v) and (vi) are automatically fulfilled. The modulus function may be bounded or unbounded. For example, if we take fðxÞ ¼ , then f(x) is bounded. If f(x) = x p , 0 < p < 1, then the modulus f(x) is unbounded. Subsequently, modulus function has been discussed in [12, [15] [16] [17] [18] [19] [20] [21] [22] [23] and references therein.
Let I be an admissible ideal, F = (f k ) be a sequence of modulus functions, (X, iAE, . . . , AEi) be an n-normed space, p = (p k ) be a sequence of positive real numbers and u = (u k ) be a sequence of strictly positive real numbers. By w(n À X) we denote the space of all sequences defined over n-normed space (X, iAE, . . . , AEi). In the present paper, we define the following classes of sequences: The following inequality will be used throughout the paper. If
for all k and a k ; b k 2 C. Also jaj p k 6 maxð1; jaj H Þ for all a 2 C. The aim of this paper is to study I -convergent sequence spaces defined by a sequence of modulus functions in nnormed spaces and examine some topological properties and inclusion relations between the spaces ½N h ; F; K; u; p; kÁ; . . . ; Ák; X S I and ½N h ; F; K; u; p; kÁ; . . . ; Ák; X S I 0 .
Main results
Theorem 2.1. Let F = (f k ) be a sequence of modulus functions, p = (p k ) be a bounded sequence of positive real numbers and u = (u k ) be any sequence of strictly positive real numbers, the spaces ½N h ; F; K; u; p; kÁ; . . . ; Ák; X S I and ½N h ; F; K; u; p; kÁ; . . . ; Ák; X S I 0 are linear over the field of complex number C.
Proof. Let x ¼ ðx k Þ; y ¼ ðy k Þ 2 ½N h ; F; K; u; p; kÁ; . . . ; Ák; X S I 0 and a; b 2 C, then there exist positive integers M a and N b such that OEaOE 6 M a and OEbOE 6 N b . Since iAE, . . . , AEi is a n-norm and (f k ) is a sequence of modulus functions for all k and also by using (1.1), the following inequality holds
On the other hand from the above inequality, we get x. For detail (see [13] ). Proof. If x ¼ ðx k Þ 2 ½N h ; K; u; p; kÁ; . . . ; Ák; X S I , then for some L > 0 and for every z 1 , z 2 , . . ., z nÀ1 2 X. Thus
Now let e > 0 be given. We can choose 0 < d < 1 such that for every t with 0 6 t 6 d we have f k (t) < e for all k. Now, using Lemma 2.2, we get
This completes the proof of (i). Similarly we can prove (ii). h Theorem 2.4. Let F = (f k ) be a sequence of modulus functions. Proof. Let x ¼ ðx k Þ 2 ½N h ; F 0 ; K; u; p; kÁ; . . . ; Ák; X S I . Let 0 < e < 1 and d with 0 < d < 1 such that f k (t) < e for 0 < t < d. Let y k ¼ f
